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An electrically conducting fluid is contained above a horizontal plane. A uniform
vertical magnetic field is applied externally and the plane is maintained at a
uniform temperature except for a point or a line heat source. Density variations
are ignored except where they give rise to buoyancy forces.

(i) The point heat source. Non-linear effects are small sufficiently far from the
source. The resulting buoyancy forces interact with the magnetic forces to
maintain a radial inflow towards the heat source. This fluid then escapes vertically
as a jet, its structure now depending on the additional influence of viscosity.
The perturbations of the temperature distribution and the magnetic field due
to the motion are obtained. Finally, the effects of these perturbations back on to
the fluid velocity are considered. The most striking features of the perturbations
are (a) theaction of the jet as a line source of heat for the fluid in the outer regions,
(b) the large (compared to other perturbations) eddy in the jet.

(i) The line heat source. The temperature distribution and magnetic field are
weakly perturbed only if the thermal and electrical conductivities are sufficiently
small. Similar results are obtained, as in (i) above, provided ¢ (a dimensionless
number characterising the strength of thermal convection: see (1.32), (3.24)) is
less than . However, even for small ¢, the effects of thermal convection cannot
be ignored. Hence, superimposed on the jet is an eddy (driven by buoyancy
forces) whose flux of fluid increases indefinitely with its height above the plane.
When ¢ > 1, the results suggest that numerous eddies will be formed.

1. Introduction

Thermal convection in a strong magnetic field has much astrophysical interest,
since in a star thermal convection may be considerably influenced by the action
of magnetic forces. Although stability problems of the type considered by
Chandrasekhar (1961) have been studied extensively, the problem of steady
convection in a uniform vertical magnetic field does not appear to have been
investigated. In this paper attention is restricted to the following two problems:
An electrically conducting fluid is contained above an infinite horizontal plane.
A uniform vertical magnetic field is applied externally, and the plane is main-
tained at a uniform temperature except for a point or line heat source. The density
of the fluid is assumed constant except where slight density variations caused
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by the heating give rise to buoyancy forces (the Boussinesq approximation).
The steady motion resulting from the differential heating is examined.

Free convection in the absence of magnetic forces has been studied by many
authors, but of particular interest here is the work of Fujii (1963). He considered
free convection above both a line and a point source of heat, and showed that
the motion consists of a buoyant plume which entrains fluid horizontally from
infinity. The thermal boundary-layer approximations were made in the equations
governing the motion of the plume, and hence similarity solutions were obtained.
Since motion across the magnetic field lines is inhibited, this model must be
modified considerably in the presence of a vertical magnetic field.

The problem of a jet in an aligned magnetic field has certain similarities with
thermal convection above a heat source. Toomre (1967) considered a two-
dimensional jet, and showed that far downstream inertia is negligible. In this
region a similarity solution (also proposed independently by Jungclaus 1965)
was obtained, in which a balance of magnetic and viscous forces was maintained.
Hoult (1965) had attempted to describe the motion of a round jet (for the
particular case of large Reynolds number and small magnetic Reynolds number)
near the axis of symmetry by Schlichting’s (1955) classical non-magnetic solu-
tion. Since this demands the entrainment of fluid, a solution was sought outside
the jet that corresponded to a uniform line sink along the axis. Unfortunately,
the non-linear ordinary differential equation, which he solved numerically to
determine the motion, has no solution satisfying the required boundary con-
ditions. The approach adopted by Hoult, though attractive, is certain to
encounter the same difficulties in the case of the buoyant plume. Essentially,
entrainment of such a large quantity of fluid cannot be maintained without
convecting the magnetic field lines.

(i) The case of the point heat source. Cylindrical polar co-ordinates (r, ¢, 2) are
taken with Z (the unit vector in the 2 direction) vertical and with the source of
heat at the origin (0, 0, 0). It is supposed that the space z < 0 is occupied by a
solid and that a uniform magnetic field ByZ is maintained as z - + o0. For steady
flow, Maxwell’s equations reduce to

V.B=0, j=pVAB, E=-VO, (1.1)

while Ohm’s law states that j=c(E+uAB), (1.2)

where p is the magnetic permeability, o is the electrical conductivity, E is the
electric field, @ is the electric potential, j is the electric current, u = (u,, 0,%,) is
the fluid velocity and B = (B,, 0, B,) is the magnetic field. Since (1.1), (1.2) and

the axisymmetry lead to V20 = V.(uAB), (1.3)
=0,

it follows that the electric field is uneffected by the fluid velocity. Hence provided

no external electric field is applied E <o (1.4)

Further, since u = 0 for z < 0, (1.2) shows that

j=0 (z<0). (1.5)
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Making the Boussinesq approximation we have the equation of motion,
p(u.V)u = —Vp+pgaTZz+jAB+prviu, (1.6)

where p is the density, v is the kinematic viscosity, « is the coefficient of expan-
sion, g is the acceleration due to gravity, 7' is the excess temperature and
(p — pgz) is the pressure. The remaining equations governing the motion are the

continuity equation, V.u=0, (1.7)

and the heat conduction equation,
(u.V)T = KVT, (1.8)

where K is the thermal conductivity.
The boundary conditions on z = 0 are

Tr,¢,00=0 (*>0), @ =f rT(r,0,0)dr, (1.9)
0
where 277Q) is a measure of the total input of heat,
u, =u, =0, (1.10)
and the continuity of both B, and B, across z = 0 (1.11)

(see (1.27) together with the footnote), while the boundary conditions as

|| > oo are u—>0, B->By32, T-0. (1.12)

From (1.1), (1.2) and (1.6) it is evident that the magnetic and viscous forces
determine a length scale, I = {pv]oBRA. (1.13)

This is the familiar Hartmann length scale, over which these forces can be in
equilibrium. Since we are primarily concerned with the interaction of buoyancy
and magnetic forces, the following dimensionless variables are introduced:

r'=r/l, u=(/ga@)u, b=B/B, 1
i = WlgaQ) (cB) M, 0= EQT, p' = (fpgaQ)p,)

together with the only three independent dimensionless numbers,
P=vy/K, p=IlgaQ/vK, vy =IlgaQ/v(icu)?, (1.15)

where P is the Prandtl number and f is the Rayleigh number based on the
Hartmann length scale. The governing equations now become (after dropping
the primes)

(1.14)

V.u=0, V.b=0, (1.16)
APYu.V)u=—Vp+0z+(@uAb)Ab+Vau, (1.17)
yauAb=VAD, (1.18)

pu.V)0 = v20. (1.19)

The stream function ¢ and the magnetic vector potential (0, y/r, 0) are introduced
so that the velocity and magnetic field are given by

_ 1oy 1oy _ Loy 10y
u—(—;E,O,; 5), b—(—;g,(),r al- (1.20)
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The curl of (1.17) is taken, and after some manipulation (1.17)—(1.19) become

o o oy o)\ (DR o0 1 }
U] Pkt AT diid =7 —r2b.V){= (b. 2(D? 21
e r{ o or 3z}( ” ) Yo TRV {2 (B-V)YDADH), (12D)
V[ o WK _ e
r{ o T DX @0 (1.22)
0=D%% (2<0),
B a0 opod) o,
Ao taan = 0 (1.23)
0 (10 0%
LR [y T
where D =re (r 3r)+c'>z2’ (1.24)
_ laya 1oy o
and (bV)——;-a‘zgﬁ';g b (1.25)
In terms of the new variables the boundary conditions become
00  ou,
5 = a—r =0 on r= O,T (126)

0=0 (r>0), fmrﬁdr=l,
0 on z=0, (1.27)

U, =u,=0,
continuity of BL 4 b5 650 as || . (1.28)
(i1) The case of the line heat source. The two-dimensional problem is very
similar. Co-ordinates (z, y, z) are taken with § (the unit vector in the y direction)
vertical and with the line source of heat at (0,0,2). Attention is restricted
to the case where the solid is a perfect conductor (see §3.3). Thus the only
boundary condition that is applied on the magnetic field at z = 0is b, = constant
(= strength of the uniform vertical magnetic field in the solid).
Most of the equations in the cylindrical geometry carry over to the two-
dimensional case with certain slight alterations. In particular, the boundary
conditions (1.9) and (1.11) are replaced by

T(z,0) = Qb(x), (1.29)
and B,(x,0) = constant. (1.30)

The equations governing the motion are made dimensionless by the
substitutions (the dimensions of § are different)

x'=xfl, u =Il"Yv/ga@)u, b= BB, l
i' = (@Bl wjga@)i, 0 =(UQT. p' = (pgaQ)~p,

t These are just symmetry conditions.

I If the solid is a perfect conductor, the magnetic field in the solid is b = Z and this
boundary condition is replaced by b, = 1 on 2z = 0. The tangential component of the
magnetic field may be discontinuous, resulting in a surface current sheet on the conduetor.

(1.31)
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and hence the dimensionless numbers (1.15) are replaced by

€ = PPgaQfvk, oy = PgaQ/v(iow)™. (1.32)
Defining the velocity and magnetic field as
_ (% _o _ (%% _%
““('a}}"%’o)’ b“(a—y’_a_x’o)’ (1.33)
the governing equations (after some manipulation) reduce to
—€ P (u.V) V¥ = Zg—k (b.V){(b.V)y}— V3(VZ)), (1.34)
a(u.V)y = V%, (1.35)
6(u.V) 0 = Vi, (1.386)
o oY o
where (u.V) = @%—% é—y‘, (1.37)
_ox 9 oy 0
together with the boundary conditions
00  ou,
0 = d(z),
u, = u, =0, on y =0, (1.40)
b, = constant
u->0 6->0 as [x| —>oo,l
(1.41)

and b>§ as y— oo.J

In the following sections solutions of the problems posed by (1.20)—(1.28) and
(1.33)—(1.41) are presented, which are valid well clear of the Hartmann layer,
ie. |z| > 1 (ory > 1).

2. The point source of heat

2.1. The first approximation

If a plume of the type described by Fujii (1963) exists, outward diffusion of heat
from the plume must be overcome by the inflow of heat by convection. Moreover,
since the temperature is uniform outside the plume, there can be no buoyancy
forces acting in this region. Hence, entrainment of fluid into the plume must be
maintained by considerable pressure forces in order to overcome the action of
the magnetic field. It would seem unlikely, therefore, that this model could
represent the resulting flow, and we should expect that thermal diffusion is at
least comparable to convection in the main body of the fluid.

Assume, for the moment, that the magnetic field is unperturbed. Then,
assuming that the dimensionless numbers P, f, y are of order 1, the nature of
the boundary conditions suggests that the motion may be described by similarity

solutions of the form, g =2, (y), 6 =20,1), (2.1)
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for B > 1, where p=rfz and R = (12+22)%. (2.2)

Further, considering the inhibiting effect of the magnetic field on the flow, there
appears a strong possibility that the effects of thermal convection will be
negligible. Thus, since the boundary condition (1.27) implies

lim wrﬁ dr =1, (2.3)
z2—0J 0
it follows that 0 = 2720y(n). (2.4)

Now with this value of @ it is clear that the magnetic and buoyancy forces are
comparable in the equation of motion, provided

¥ = Yo(n). (2.5)

Substituting the above values of ¢ and @ into the governing equations (1.21)
and (1.23), and retaining only the highest powers of 2z, we have

(%) — Qg =0, (2.6)
(1+92) Og+ (71 + 69) Oy + 60, = 0. (2.7)
The solution of (2.7), satisfying the boundary condition (2.3), is
O, = (L+72)-% (2.8)
Neglecting the no-slip condition on z = 0, but retaining the condition ¥ = 0,

(2.6) integrates to give ¥, = (1452, (2.9)

It is evident that the boundary conditions on ¢ at r = 0 are not satisfied, so
that a boundary-layer solution must describe the motion near » = 0. Suppose
that the horizontal length scale is H, and that the vertical length scale is
L (> H). Then the ratio of viscous to inertia forces in (1.21) is of order (LP/f)
(since ¥'(0) = 1). Thus, inertia forces will be negligible, and a balance of viscous,
magnetic and buoyaney forces will be maintained. Since the ratio of magnetic
to viscous forces is of order (H%/L?), it seems reasonable to look for similarity

solutions of the form, U= Yyf), 0 =20,), (2.10)

where £ = r/2z}. Substituting into (1.21), (1.23), and as before retaining only the
highest powers of z, we are left with

-l e

1d d@o)
+7lE57) =0. 2.12
el (2:12)
Applying the boundary conditions (1.26) and ¢ (co) = 1, these have the solutions,
Yo=1—et, 6,=1, (2.13)

where ¥, is axisymmetric analogue of the solution proposed by Jungclaus (1965)
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for the two-dimensional jet. Moreover, defining

[ 22 ®(n) outside the jet,l

A= (2.14
12 ¢o(8)  inside the jet, J )

it is apparent that, to a first approximation,
D=0, (2.15)

Hence the values of 8 and ¢ given by (2.8), (2.9) and (2.13) provide a self-
consistent description of the motion outside the Hartmann layer (z» 1). In

b4

Streamline

F1oure 1. The streamlines and isotherms above the point heat source
obtained from the first approximation.

particular, the non-linear effects are negligible, so that the temperature distribu-
tion (6 = z/R?), and the magnetic field (y = }s%), are independent of the fluid
velocity. Outside the jet, the vertical component of the momentum equation (1.6),

op
O——£+0, (2.16)
determines the pressure distribution,
Hence, the radial balance of magnetic and pressure forces
__% 2
O— _‘87—7111,, (u.18)

together with continuity, determines a radial inflow of fluid with velocity

up = —1/R2 (2.19)
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The fluid is then ejected along the axis r = 0, by the action of the pressure force,

1 1
= ——4_—eg¥E, 2.20
P 2 + 22° ( )
The first term produces a force which exactly balances the buoyancy force, while
the second term balances viscous forces and magnetic forces in the vertical and
radial directions respectively.
Finally, the total vertical flux of heat,

i a0
.F ZJ'O (ﬂuzﬁ—-—a—z—)’rd'r, (2.21)
is to lowest order in 2 given by
© 9 (=

i.e. all the heat that is put in at the source is extracted throughout the remainder
of the plane z = 0.
2.2. The second approximation

The analysis of the previous section suggests that a systematic approach may be
adopted to obtain a higher order approximation. We divide the space z > 0 into
the following regions (see figure 2)

I 2> 1, r> 2k
II z>»1, r <z,
III r>» 1, z = 0(1),
IV r=0Q1), z=0(1),

(2.23)

and define the overlap of regions I and II as region V. Provided we neglect the
no-slip condition on z = 0, we may ignore the Hartmann layer in region III.
Moreover, it is reasonable to assume that the flow for sufficiently large B does
not depend on the detailed nature of the flow in region IV. Hence, boundary
conditions to the flow in regions I and II are prescribed only on z = 0 and r = 0.
We now assume that the solutions may be written in the form

Y=o+ L) Faln) + Loale™) Fa(m) + ... (2.24)

in region I, and

¥ = Yol8) + =z Yu(E) + L) Yra(6) + -, (2.25)

in region 11, where §,,, > .1 ete. Since both these equations must be a valid
description of the flow in region V, they must be approximately equivalent when
£ > 1,7 <€ 1. The method of matching adopted is that of Van Dyke (1964), where
£, 7 are regarded as inner and outer variables respectively, and z~! is regarded as
a small parameter.

Making the above assumptions, we proceed to obtain first corrections to the
temperature distribution, the magnetic field and the velocity profile. Since the
corrections are found to be uniformly small for |z| > 1, these results give weight
to the lowest order solutions. Further, since this method (used implicitly in
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§2.1) is not well established, confidence is gained by forming a consistent second

approximation.
(i) The temperature distribution. We suppose that
0 =2720(n)+ 23 0:1(n) + ..., (2.26)
in region I, and
0 =z"24 fAz3Inz+ B2730,(&) + 2 %g(E) + ..., (2.27)
z
1 A !
‘\ 1 ! ’
\ 1 I ’
\ 1 ! /
\ I ! /
\ ! I //
1

\ | 1t : //
\

vV : !

\ o /

\ '. = ,' Y
\ | | !
\ 1 I /
I \ \ 1 / Inflow
\ ] | /
\ ' v 7
\ 1 7
Mo 17
\\‘ I'/
A\ W
\ ]
______________ -l-—-.._.r._—.——.—_————-—-——.—
\iv|
I \ ! Hartmann layer
\ /I -~
> r

Fiaurr 2. The various regions above the point heat source.

in region II. The necessity for the term f4z-3Inz (A4 being a constant) becomes
apparent later, while the term 2—3g(£) is determined by the vertical diffusion of
the lowest order temperature. Now direct substitution into (1.23) leads to

(1+79%) O7+ (771 + 89) O]+ 120, = — 29~ 1¥, Q,, (2.28)

e az (1
e =~ 35(5) - -6 (2.29)
(£01) = — 2y, (2.30)

together with the boundary conditions

=g =0 at £=0, (2.31)
g—> —68 as f£—>oof (2.32)
@, =01 as 75-—>o0. (2.33)

Integration of (2.28) is made easier by the substitution,
u? = 1+797 (2.34)

t By matching with outer lowest order temperature.
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and leads to the differential equation,

d*Q, do 2 I¥

(W—1)—+ (8u—6u‘1)—d—u—1+ 120, = —- d—u"(ao, (2.35)
with the general solution,
@1=§1174+B3—;;‘f+0{u%+3—%1n(%)}. (2.36)
The boundary condition (2.33) implies that
B=0, (2.37)
while, as 7 - 0, 0, >4CInin+(6C+1). (2.38)

Integrating (2.29) and (2.30) subject to the boundary conditions (2.31), (2.32)
leads to

w =t
0, = D—lngz—f e—t—dt, (2.39)
g = —6E2, (2.40)
and so, as £ > oo, 0, D—In& (2.41)

The three remaining arbitrary constants 4, ¢ and D are now determined by the
matching, and found to be

C=-3% A=1 D=-3 (2.42)
Hence @,(7) and 6,(£) are given by
51 1/1 3\, u—1 )
@1=‘m+§(u's‘$)1“m’ (243)
ooe~t
9, = _.g_lngz_f - dt. (2.44)

The perturbation temperature distribution in region I corresponds to a line
heat source of strength

L(z) = —ra = =273 01 ()], -0
= 2f273, (2.45)

on r = 0, together with a continuous distribution of sinks throughout the fluid.
The former results from outflow of heat from the jet by diffusion, and is related
to the vertical transport of heat by convection in region IT by

z

£(—x) @
f pu,Ordr = fz2 =f L{z)dz. (2.46)
0

The heat sinks are provided by the inward convection of colder fluid from infinity,
while the associated total vertical heat transport is

f ";ﬁm Pu,Ordr = —}fz2. (2.47)
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Finally, the vertical heat flux by diffusion,
—fw g—frdr =—32p2"2 (2.48)
0

combines with the convective transport to give no total vertical heat flux (¥ = 0).
(it) The magnetic field. As before it is supposed that

X =247 +y2®@,(m) + ..., (2.49)

in region I, and X =2(28Y) +yd(&)+ ..., (2.50)
in region 1I. '

On substituting (2.49) and (2.50) into (1.22), and retaining only the highest
powers of z, we have

7;‘1"’ (z > O),l
(I+7*) Q1 —771d; = (2.51)

10 (= < 0),)
E(E711)" = 28y, (2.52)

together with the boundary conditions

$1=(£T"¢) =0 at £=0, (2.53)
continuity of b on 2=0, (2.54)
D, =0 at 5=-0. (2.55)

Integration of (2.51) is again facilitated by the substitution (2.34), which leads to
a2, [ —u3 (2>0),

| 0 (z<o) (2:56)
Thus (2.52) and (2.56) have the general solutions
Ql:f—%u‘1+A+B’u (z >0) 1 (2.57)
[ C+Du (<0 ,J
¢y = 2+ e+ BE2. (2.58)
The matching conditions and boundary conditions then lead to
A+B-1=0, }1+B=1+E, A=0C,
B=D, C=D (notingu < 0, when z < O).J (2.59)
Lp@=1) o
Hence we have O, = {4 u {2.60)
(e +1) (2 < 0),
= 1882+ 4e ). (2.61)

The resulting magnetic field lines in region I, are illustrated in figure 3.
t+ The solutions corresponding to (2.60) and (2.61) when the solid is a perfect conductor are

u—1
{—2—; (= '> 0),
0 (z<0),
¢, = 32 +et .

®, =
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(iii) The velocity distribution. Since the perturbation temperature distribution
and magnetic field are now known, the corresponding correction to the fluid
velocity can be found. In region I, we suppose that

V=T ) +2 1P ) + ... (2.62)

Magnetic
field line

)
U
i
)
1
[
|
|
!
|
1
]
|
1
]
|
1
|
|
1
i
i
]
|
1
i
T
|
1
|
|
1
1
i
|
|
i
i
1

!
|
1
}
Ficure 3. The perturbed magnetic field lines and isotherms.

After substituting into (1.21), and making the usual approximations, we find
that ¥, satisfies the equation

2, = fpO; —v(20, ¥, + 40, 1), (2.63)
together with the boundary condltlons

¥, =01 as 70, (2.64)
¥, =02 as 7—>c0. (2.65)

Tntegrating (2.63) subject to these boundary conditions leads to

A
¥i= ARO)+YE) +2 (fy = (2.66)
PR (TP
Fy(p) = — 92 U (20, ¥+ 4] ¥, )dy]d (2.67)
0

A(By) = 5zm(2f = 3y).1
t The value of 4(f, y) is evaluated by direet integration of
[ee] 0
f 70;dy and f (20,95 + 407 ¥) dp.
0 0

When the solid is a perfect conductor, 4(8, v) = -2:m(2f—7).

= 3%
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Moreover, as 7 — 0, we have

¥, ~ 2—;74-—ﬁ+ o). (2.68)

Thus a matching can be made in region V with a solution in region II of the
form, U = Yol + RV () 4 2 () + oo (2.69)
provided that, as £ > oo, Uy = §+ o), (2.70)
Y~ - B, (2.71)

while the boundary conditions, on » = 0, imply that

z/’1 = 0(£?), 1/’2 = 0(%‘2)‘ (2.72)

Substituting into (1.21) we find that (for ¥r,) a balance of viscous and magnetic
forces is maintained. Hence 1, satisfies

e e e

which has the solution
Yy = Y ERe BT (3E2) - T,(3EY)}, (2.74)

satisfying the boundary conditions (2.70), (2.72), where I, is the Bessel function
of imaginary argument.

The problem for ¥, is very lengthy but straightforward. Forcing terms are
produced by the convection and vertical diffusion of the lowest order 0, y and .
Further, the solution is non-unique, because there is a non-zero complementary
function of the equation which satisfies the condition O(£?), as £ — 0, and decays
exponentially, as £ — co.

Consider the perturbation velocity distribution (see figure 4). In region I,
the forcing terms resulting from the magnetic field and temperature distributions
tend to make the fluid rise and fall, respectively. The perturbation velocity
increases, as 9 — 0, and in region V the motion is vertical, ¢ ~ 24 /r (the direction
of flow depending on the sign of 4). This ever increasing velocity is finally termi-
nated by viscous action in a region I, where a large (compared to other perturba-
tions) viscous eddy, z—t4yr(£), is formed. Moreover, there is a critical value of
the ratio y/# for which there is no eddy, namely,

Y

(= 2 when the solid is a perfect conductor). (2.75)

2
g3
It must be emphasized that the eddy is not a feature of the flow. The velocity
corresponding to z—24yr,(£) represents only a small correction to the basic flow.
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To summarize, a self-consistent second approximation has now been obtained,
where 24

1
¥ = S+ {BRm) + YR, (2.76)
52 r2—22 R-—z
6=F+'B{—§F+—2’Flnm}’ (.77)
324 y(R+22) (R—2)/R (2> 0),
¥ = [27' Yl z) ( IR ( ) 1 (2.78)
lir+iy(B+2) G<opt J
inregion I, and ¢ = 1—6‘52+z‘%A1ﬁ1 + 27 (P, B, 7, £), (2.79)
1 372 p © et di
x = bt h (3B 4o, (2.81)

in region II.

r
Fioure 4. The perturbation streamlines for the stream funetion z-¥Ayr (£), when y/f < 2.

(Note that (i) the vertical streamlines in region V ultimately descend into region I, (ii) the
eddy is not a feature of the full flow pattern.)

The above results show fairly conclusively that the model presented in §2.1
is correct for B > 1, provided P, 3, y are of order 1. Moreover, as R — co, the
solutions will be valid whatever these values are. Finally, the strength of the
lowest order corrections to ¥, # and y depend linearly on 8 and y, while the in-
fluence of the Prandtl number first becomes apparent in the term 2=y, (P, 8, v, £)

T When the solid is & perfect conductor (2.78) and (2.81) are replaced by

0+ dy(z—28/B) (z > 0),
N {%rﬂ @ < 0),
X = ¥+ y(3E+et).
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3. The line source of heat
3.1. The solution for ¢, = a, = 0, €, P! finite

For the general case ¢, + 0, o, + 0, the resulting flow is very different from the
motion caused by a point heat source. In particular thermal convection cannot
be ignored even for ¢, € 1. However, throughout §3, the systematic approach
of the previous section is adopted. The space ¥ > 0is divided into the four regions
described by (2.23), where 7, z are replaced by x, y respectively. Then arguments,
similar to those of §2, lead to the corresponding similarity variables,
7 = z/y inregion I, 1

(3.1)

and £ ==z/2yt in region II.J
Before becoming involved in the general case, it is useful to know the solution
to the simplified problem €, = o, = 0, ¢, P! finite. For this particular case,
corresponding to an infinite thermal and magnetic diffusivity, there can be no
convection of heat or of the magnetic field lines. Hence, (1.35) and (1.36) become

V26 = V2y = 0. (3.2)

The solutions of these equations satisfying the boundary conditions (1.39)—(1.41)
are:

= —71} ;2+—yyz (3.3)
X =—=. (3.4)
Hence in region I, 6 is given by
0 =y7'0(n) = y~*(/m) (L+ 7771 (3.5)
while in region IT 6 = y—l;lr_y~2%g2+ (3.6)

Consideration of (1.34) indicates that the required form for ¥ is
Y =Wy(y) in region I, 1

(3.7)
and ¥ = 9o(§) in region II.J
Substituting into (1.34), and retaining only the highest powers of y, leads to
09+ (7%Fg)" = 0, (3.8)
WV — (€% + 3EY5) = 0. (3.9)
These equations are solved subject to the boundary conditions,
Yo=%5=0 on £=0, (3.10)
Yy, =0"1) as 7— oo, (3.11)
and the matching conditions in region V. Hence we have
Wy = (l/m)tan—1y—1%, (3.12)

Yo = —zerf, (3.13)
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where ¥, is the solution proposed by Jungclaus (1965) for the two-dimensional
jet. The pressure distribution
1

2 m
for ¥ > 1, is now determined by integrating the equation of motion.

The solution shows similar features to the flow above the point source of heat
in § 2.1. Fluid is forced radially inwards from the outer regions and is ejected along
the axis x = 0. Moreover, as both problems are linear, the solution in this section

may be regarded as the superposition of flows, resulting from point sources of
heat distributed along the line (0, 0).

p@y) = (@t by byt e, (3.14)

3.2. The general problem
The analysis in the previous section suggests that a solution may exist in region I
of the form,
v ="m), 0=y704n), x=yoO). (3.15)

Substituting these values into (1.34)—(1.36), and retaining only the terms con-
taining the highest powers of y, leads to

@) + (O2F) = 0, (3.16)
(1+72) @ = —a, ¥}, (3.17)
[(1+92) O,]" = €, F; 0, (3.18)

Moreover, the last two equations are exact as no terms have been neglected.
In terms of the similarity variables, the conditions (1.39)-(1.41) become

VYo=0("), 0,=0@#7?, ®=0(@) as y7->0;7 (3.19)

¥, =o0(n1), ®~-—y as 75->0, (3.20)

and fw Oydy = 3. (3.21)
0

The condition ¥y = o(n~1)asy - Oisequivalent to demanding that the horizontal
velocity should vanish as y — oo, for fixed x. Integrating (3.16) subject to the
boundary condition (3.20) leads to

D2} = ©(0) — Oy(1)- (3.22)

Moreover, integration of the governing equations gives the pressure distribution,
7
P, y) = 0y(0) lny+f YO dy. (3.23)

At this stage, it is convenient to renormalize the problem by the change of
variables,
W(n) = Wo(1)/04(0), O() = ®0("7)/®0(0):] (3.24)
€ = 0,y(0) &, a = 0y(0) oy, J
1 These three boundary conditions are not independent. The conditions on ¥, and ®
are determined by (3.17), (3.18), (3.22) and the boundary condition on ©,.
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where 0,(0) is determined subsequently from (3.21) as

040 = [2[ et an] " (3.25)
Hence (3.22), (3.17) and (3.18) become
P = 1@, (3.26)
1+92) D" = — ¥’ O, (3.27)
[(1+7) 0] = 0. (3.28)

Consider the solutions of these equations as % ~> 0. From the boundary con-
dition (3.20) we have ® ~ —7, so that (3.26) and (3.28) lead to

7”f"+ef=0 as 7—>0, (3.29)
where the function f is defined by
_1=fn)
O@) = el (3.30)
Hence, f is given by f~ At Ayy, (3.31)

where 7, and n, are roots of the equation,
n(n—1)+e=0. (3.32)

Moreover, n; and n, are real only if ¢ < } and so, if € > },
[~ iy + Ay), (3.33)

where A4 is a complex constant and v = n, ~ % (pure imaginary).
For the present, attention is restricted to the case ¢ < }. Now since we do not
know if either 4, or 4, is to be zero, we put

f~Ayp as 5—>0. (3.34)

A

Hence we have ¥~
n—1

L O~1—Ay", O~ —7. (3.35)

It follows that the conditions on the inner problem, as £ — co, are:

n—1
Y~ ytin (A f — 5"‘1) , (3.36)
6 ~ yt—y i in(42ngm), (3.37)
¢ ~ —y(26). (3.38)

(i) The inner problem. Restricting attention to the case € < }, the asymptotic
forms (3.36)—(3.38) require that the solution in region II should be of the form,

P* = ying (), (3.39)
R (3] (3.40)
X = ytd(€), (3.41)

49 Fluid Mech. 39
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where the change of variables,

P = 0,0)0*, 0= 0,(0)6%, (3.42)
has been made. Substituting into (1.35), and retaining only the highest power
of y, we obtain =0, (3.43)
8o that the uniform magnetic field given by

x = —y4(28), (3.44)
is maintained. Thus, repeating the procedure in (1.34) and (1.36) leads to
0 = 205+ {(n?— 1) o+ (20 + 1) g + E3rc} — 19V, (3.45)
0r = 2ers, (3.46)
together with the boundary conditions
6,=0, Yo=vs=0 at £=0, (3.47)
2n—1
Yo ~ An— 1 £l as £ o0, (3.48)

where the condition (3.48) is sufficient to satisfy both the boundary conditions
(3.36) and (3.37). Integrating (3.46) leads to

3
0p(8) = C+ 26]0 Yole) d. (3.49)

The constant € remains undetermined as to the present order it is negligible in
the matching. After substitution for 6,, (3.45) becomes

W — B4 — (2n 1)+ (302 — dn + 1)y = 0. (8.50)

For n < }, this equation has no solution satisfying the boundary conditions,
while, for n > %, the solution is given (see appendix A) by

28-2n T3 —p)cosna [
Vo=d— I‘(2—n)cos%nnf

2

K, 4 (%) sin p&dp. (3.51)

Hence, matching the solutions in regions I and II in region V determines the

remaining boundary condition to be imposed on the outer solution, namely,
A, =0, 1

or f/n™ — constant (= 4, = A),J

where n, > } > n, and 4,, 4, are defined by (3.31). Finally, solving the outer
problem determines the constant A.
When ¢ > }, a matching might be obtained if

¥ =y o+ y vk (3.53)

However, with ¢ of order y#, the inertia term in the equation of motion is com-
parable with the terms already retained. Thus, the inner problem becomes non-
linear and it is no longer possible for i to be represented by (3.53). Even if

0

(3.52)
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¢P-! were sufficiently small for inertia to be neglected, no solution could be
obtained. Essentially, ¥, would still be of the form (3.51) and, as £ - co,

Yo ~ EHAL +BE™). (3.54)

Unfortunately this solution cannot be equated to the solution (3.33) in the region
of overlap.

(ii) The outer problem € < }, « = 0. By considering the motion when the
magnetic field lines are unperturbed (« = 0), solutions of the outer problem are
obtained for 0 < ¢ < }. Moreover, it will become apparent, from considering
the case ¢ = 0, a € 1, that an approximately uniform magnetic field can be
maintained and hence that the results presented here for a = 0 are still valid
when o <€ 1.

Substituting ® = —7, (3.26) and (3.28) become

P = (1-0)/7p, (3.55)
[(1+72) OF = eO(1—O)/, (3.56)
together with the boundary conditions,
O~1-Ad(e)y™m as 53— 0, (3.57)
O =02 as 75—>owm, (3.58)

where n,(> n,) is given by (3.32), and 4(¢) is a constant to be determined. The
boundary condition, as 7 - 0, has been imposed by the form of the solution in
region II.

We propose the following series solution

where Oy = 1/(1+9?), (3.60)
0, = —In(3m —tan19)/(1 +77), (3.61)

. -1 (7 © ®n—1 n_1®n—r—1®r
I NN e L LT S

This result is obtained formally by substituting (3.59) into (3.56) and equating
powers of e. In order to establish that the boundary conditions are satisfied, we
assume that forn = 1,2, ..., N-1, 0, takes the asymptotic forms,
0, ~—-im(~ngt(n-1)! (n=1) as 90, (3.63)
0,=0"? as 7->o, (3.64)
and that @, is bounded for 0 < % < co0. Clearly, applying these conditions to

(3.62) indicates that @, also satisfies them. It follows that (3.63) and (3.64) hold
for all values of n. Moreover, summing the expressions for 0, as 7 > 0, gives

O ~ L —g(}m)gt-e. (3.65)
49-2
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Now, from (3.32), we have n; = 1—e+ 0(c?),

(3.66)
ny = €+ 0(€?), }

and hence the asymptotic form (3.65) satisfies the boundary condition (3.57).
Unfortunately, though we have been able to show that the solution (3.59)
converges to the correct asymptotic form, as 7 — 0, we have been unable to
establish that the series converges for all . However (3.56) was also solved
numerically (details are given in appendix B) on the Cambridge University Titan
computer for various values of ¢ (see figure 5). The values of A(e) and f(c0) (as
defined by (3.30)) were found to be in close agreement with the approximate

values, A(e) = (me, floo) = 36, (3.67)
determined by (3.65) and (3.61) (see table 1).
0
e=0
09 -
01
02
0-24
0-248
0-8 L ! 7
0-1 0-2

Fieure 5. The computed @ curves for various values of €( < 0:25) near 9 = 0.

When ¢ < 1, the outer solution near 9 = 0 is

O~1-Emen—<+..., (3.68)

W~ —(Fmyn—=+..., (3.69)

while, for 3 = O(1), 0 = 1/(1+9?), (3.70)
¥ = tan—19 — (37). (3.71)

Evidently, by considering (3.55), (3.56), the limiting process 7 fixed, ¢ >0
followed by 7 — 0 will yield the result,

Y- —in, (3.72)

in (3.69) (in agreement with (3.71)). However, erroneously truncating the series
(3.69) after the first term, and taking the limit ¢ — 0, leads to ¥' — — }#. Hence,
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for € € 1, we have two asymptotic solutions valid in region II. For yi¢ = 1, the

analysis of §3.1 is valid giving the solution,

Yo = —(dm)erf§, (3.73)
while, for ¢ > 1, the analysis above indicates that

Yo =—(myterff (£=0(1)). (3.74)
@ A f(CO) b,(fb, 0) "bm(lm|r 0)

€=0, 0-1 0-949 0-08

n=1 0-2 0-897 0-16
0-4 0-787 0:35
06 0-670 0-56
0-8 0 0 0-542 0-82
1-0 0-400 1-14
1-2 0-236 1-62
1-3 0-140 2:01
1-4 0-021 3-06

€= 01 0 0-0773 0-0531 1 0

n = 0-8873

€ = 02, 0 0-1528 0-1178 1 0

n = 07236 0-1 0-157 0-123 0-934 0-09
0-2 0-163 0-130 0-863 018
0-4 0-176 0-145 0-707 0-40
0-6 0-194 0-169 0-517 0-70
0-8 0-225 0-219 0-253 1:24
0-85 0-238 0-247 0-155 153

€ = 0:24, 0 0-1813 0-1550 1 0

n = 06

€ = 0248, 0 0-185 0-1674 1 0

n = 0-5447 0-1 0-196 0-180 0-920 0-09
0-2 0-212 0-194 0-830 0-19
0-4 0-263 0-242 0-597 0-47
0-45 0-286 0-264 0-516 0-57
0-5 0-319 0-298 0-411 0-72
0-525 0-344 0-325 0-339 0-83
0-55 0-387 0:375 0-228 1-02
0-56 0-424 0-427 0-137 1-24

TaBLE 1. The computed values of 4, f(co), by(xv, 0), —b,(|«|, 0) for various

values of € and a. For & = 0, the figures are accurate to within § 9.

Clearly, the motion for € & 0is very different from the simple solution described
in §3.1. Fluid is still driven radially inwards towards the origin in region I and
ejected along the axis = 0, but superimposed on this motion is an eddy in
region IT whose flux increases as y*—#» (figures 6 and 7). Since the main bulk of
the flow is in region I, as y - oo, it might be anticipated that the motion would
not depend on the flow in region 1. This is not the case, as the flow in region I1
is not unique and depends on the matching made in region V. The buoyancy
torque in region II, which gives rise to the eddy, results from small disturbances
of the basic temperature distribution caused by the convection of heat by the
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induced motion, i.e. to lowest order § = y~1, 86/dx = 0. The situation resembles
to some extent linearized Benard convection. Moreover, this suggests that, when
¢ > 1, the motion will consist of numerous eddies (owing to to the unstable strati-
fication) and hinted at by (3.33) whose structure will depend on viscosity (and
possibly inertia), or even that no steady solution is possible (cf. discussion of the
magnetic field in §3.3).

(iii) The outer problem € < }, a + 0. The full non-linear equations (3.26)—(3.28)
were integrated numerically for various values of ¢, and « on the Titan computer.
The computed values of .4, (equation (3.31), 4, = 0), f(c0) (equation (3.30)),
b,(x,0), b,(||, 0) are given in table 1. The details of the calculation are given in
appendix B. However, it is worth noting here that, as 7 - 0o, (3.27) has the
asymptotic solution,

® = —by(x,0)7 —b,(|z[, 0)+ O, (3.75)
¥ y

Region V

YT

1
::‘1"0(7/)
4

X

Figure 6. The stream function, for fixed y.  Fie¢ure 7. The streamlines in regions I
(Note the region of overlap.) and IT, for e < 0-25.

where b,(x, 0), b,(|x], 0), (the vertical and horizontal components of the magnetic
field on « > 0, y = 0) are both constants. Moreover, the numerical results indi-
cate that (for given €) the value of b,(x, 0) decreases monotonically from 1 to 0
as o increases from 0 to 2(e) (some constant depending on the value of ¢), i.e.
the analysis is valid only for 0 < a < &(e).

For the particular case € = 0 (corresponding to an infinite thermal con-
ductivity), a series solution for ® may be obtained when ¢ is small. Equation

(3.28) has the solution 0 = (1+72), (3.76)
and (3.26), (3.27) reduce to g _ 72/(1+172), (3.77)
QD" = —on?/(1 +72)2. (3.78)

Hence, for o <€ 1, we have the solution
© = — 5+ a(p—tan=1y) + O(a?). (3.79)

Clearly, to order «, the magnetic field is

b= {[%a(v/(l +7%) ~tan~ly), 1—Jan?/(1+9%)] (y >0),  (3.80)
[0, 1—3a] (y<O0), (3.81)
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and in particular, on y = 0,

b(x,0) = [— (sgnz)ma, 1-—3}al. (3.82)
Finally, the magnetic field lines for a + 0 are illustrated in figure 8.
B,
: T
x
Perfect
conductor

Ficurs 8. The perturbed magnetic field lines, when a #+ 0.

3.3. Discussion

The difference between the point heat source and line heat source problems is
interesting. Evidently, the difference results from the importance, in the case
of the line heat source, of thermal convection {and to a lesser extent advection
of the magnetic field). Mathematically, the reasons for this are clear from the
form of the similarity solutions. However, physically, the larger input of heat
at the origin in the case of the line heat source, results in a larger flux of fluid,
and it is for this reason that advective effects are now important.

The choice of boundary conditions on the magnetic field for the line heat
source problem requires discussion. Clearly, the choice of a perfectly conducting
solid makes the problem well posed. In this case, a current sheet flows at the
surface of the solid, which balances to some extent the effect of current produced
in the fluid. If we suppose that the solid is of finite conductivity, and that a radial
inflow of the type described in § 3.1 is maintained (e.g. assuminge = 0,0 < a € 1),
then the currents produced by the motion are such as totally disrupt the con-
ditions of a uniformly applied magnetic field at infinity. Moreover, if we were
to switch on the temperature distribution at time ¢ = 0 and consider the transient
problem, it is likely that the resulting motions will never settle down to a steady
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state as the uniform magnetiec field at a great distance is likely to be ultimately
disturbed. To illustrate this point, we consider the following time dependent
problem, which resembles to some extent the speculated motion when ¢ =0,
0 < a € 1. At time ¢ = 0, an unbounded fluid is permeated by a uniform magnetic
field b = §. Subsequently, aradial sink flow with velocity u, = — 1/r (r = (22 +y2)})
is maintained, while the applied magnetic field at infinity is kept constant
b = §. The resulting magnetic field may be expressed in terms of the magnetic
vector potential ¥ in the similarity form

x = —xF(r2/4t), (3.83)

where F and the solution of this problem are given in appendix C. Clearly, there
is no ultimate steady state. Thus, it is in this sense that we may speculate that
there is no steady solution to the line heat source problem when the solid is of
finite conductivity. However, if the fluid and solid are of finite extent (as they
must be in a physical situation), it is to be expected that for « sufficiently small
an approximately uniform magnetic field may be maintained, such that the
analysis in § 3.2 is relevant in certain regions of flow.

When the solid is a perfect conductor, the problem is perhaps best considered
as the ultimate steady state of a time dependent problem. Thus, initially a uni-
form magnetic field is maintained. Subsequently, the magnetic field is ‘frozen’
into the solid, and the magnetic field, as y - oo, ultimately settles down to a
uniform vertical magnetic field with a value that is greater than its initial value.
Thus, strictly, it is the magnetic field in the solid which is given, not the magnetic
field, as y — 0. Clearly, from this point of view, the restriction on the values of
e in §3.2 (iii) is purely mathematical and is not a restriction on any of the initial
values of physical quantities.

The author is grateful to Dr H. K. Moffat for his help and guidance, and
to the Scientific Research Council for the award of a research studentship.

Appendix A

In order to solve (3.50) subject to the boundary conditions (3.47) and (3.48)
particular integrals are sought in the form

¥(E) = f Fw)erap, (A1)

where C is a contour in the complex plane to be chosen later. Substituting this
value of ¥ into (3.50), it is apparent that F(p) must satisfy

(p?F)" — (2n+1) (pF) — (302 —dn+ 1+}pY) F = 0, (A2)
and the boundary condition
[{£p*F + (2n+ 1) pF — (p2F)'} eP£], = 0. (A3)

Putting F(p) = p"'G(p), (Ad)
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it follows that G(p) satisfies

p(PG) —[(2n—1)2+{p*]G = 0. (A5)

Hence, F(p) has the general solution,
F(p) = p~{AL(}p*) + BL, (1P}, (A 6)
where v=mn—1%, (A7)

and I, is the Bessel function of imaginary argument.
There are four particular integrals corresponding to

C,: p varies from 0 to oo, 1 %

F(p) = p" K, (}p%),
C,: p varies from 0 to —oo, j ?) i)
C;:  p varies from 0 to 400,

F(p) = p* 1K (—1p?),
04: P varies from 0 to —?:OO,} (.p) p ( vy )

where K, is defined by
I ,(z)—1L(2)
— 1 14 v
() = gr2 22 (A8)
with the particular property
2t e? K (2) - constant as z-—> o0 (A9)

(Watson 1958, p. 202). In order to satisfy the boundary conditions at £ =0
an odd combination of particular integrals must be taken, pairing either C;, C,
or C,, C,. The former gives a divergent solution as £ — 00, so the required solution
must be given by

Wl = f K, () sinpf dp. (A 10)

The boundary condition (3.48) can be satisfied only for » > }, in which case

() ~ — 2on-iy UL — ) 008 (377)

n—1
T(E— n) cosnr 3 as §— oo, (A11)

Hence, for n < 4, there is no solution, while, for » > 3,

2i-2n (3 —n)cosnm

= g (12 o} .
1)[rO A4 pe 1'1(2__n) coS (%mr) fo D Kn—%(l}.p )smpgdp (A 12)
Appendix B

The method used to integrate numerically (3.26)—(3.28) subject to the boundary
conditions,

®=0 O=-1 at =0, (B1)

A " - 0),
N { (€)™ (7> 0) B2)
constant (7 — o0),

where f is defined by (3.30), is outlined.
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Introducing three new functions g{(y), p(%), q(3), where

the governing equations may be expressed in the form,
' 7 +f
=—q-— o B4
M= g e (B4)
P’ =g, (B3)
(e ATy (B6)
7' =y. (B7)
In order to avoid difficulties near the origin, we define the functions ¢ and G, as
— o f g—mf
G, = 2 5 Gp= LT Bs8
! (n1_n2)77 2 (ng—my) ™ B8
which then satisfy
, ¢ n+(-pif—@p*+ Lnif—p*nif—f*
ﬂGI == — 2 n
7y =My 1 +77) ™ B 9)
e = ——° 72+ (1 -p°) f— (20 + V) ¥f —p*1'f — i
Pomgmy AL+ %)™
where f=n1mG —yG,. (B10)

In terms of the new variables, the boundary conditions become

P(0) =1, ¢(0) = G4(0) = g(c0) = 0. (B11)

Equations (B 3)-(B 10) were integrated numerically using the Runge-Kutta—
Gill method with a variable step length,

& = 0-0057. (B 12)

The integration was divided into two parts. For # > 0-1, (B 4)-(B 7) were used
while, for < 0-1, the integration was changed to (B 4), (B5), (B9) and (B 10).

For o = 0, the value of f(c0) was adjusted so that, when integrating from oo
to 0, G5(0) = 0. A similar procedure was adopted when integrating from 0 to oo
(for numerical purposes 0 and oo were taken at 7 = 0(10-3) and O(10) respectively).
An agreement of at least {9, was achieved between the values of f(co) and
G4(0) (= A(e, 0)) obtained by integration in the different directions.

For o % 0, the equations were integrated from 0 to oo only (for numerical
purposes 0 and oo were taken at O(10-%) and O(10%)). No check of the accuracy
was obtained by integration from oo to 0 due to the difficulty of applying the
boundary conditions. However, comparison with the results for & = 0 suggests
an accuracy of about 1 9,.

Finally the values of p(co) and [5¢] (c0) determine the components of magnetic

field on ¥ = 0, since b,(z,0) = p(co), 1

B13
and by(|z], 0) = 791 (0).] B
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Appendix C
The solution given by (3.83), to the problem posed in §3.3 is determined by
solving the magnetic induction equation (the modified time dependent form of
(1.35)), 2, o2
ox oc(xa_x 6)() oty 0% 1)

LA —*‘+__

ot 12 - ox? oy’

ox 7oy
subject to the boundary conditions,
X—>—x as 7/t > oo,
io o ) e
where the time scale has been suitably non-dimensionalized, and
u = (—z/r? —yfr?).
Substituting x = — ¥ (r2/4t), (C3)
into (C1) leads to the ordinary differential equation,
452F" +{(8+2a) {+ 43 F' +aF = 0, (C4)

where { = r2/4t. This equation has the solution

) = lréﬁ;_:—%—%g—mm(—m,‘l%_”;jz;- ). (©5)

satisfying the boundary condition (C 2), where ® is Humbert’s symbol denoting
a confluent hypergeometric function (Erdelyi et al. 1953), and

m = H(e+2)— (a2 +4)1). (C6)
Thus, as ¢t — oo for fixed 7,
1-3m
r (%-m) 4mimy
X~ (=1) (C7)

2
g—m
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